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Abstract. In this work we analyze a non-clamped dynamic viscoelastic contact
problem involving thermal effect. The friction law is described by a nonmonotone
relation between the tangential stress and the tangential velocity. This leads to a sys-
tem of hyperbolic inclusion for displacement and parabolic equation for temperature.
We provide a fully discrete approximation of studied problem and find optimal error
estimates without any smallness assumption on the data. The theoretical result is
illustrated numerically.
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1 Introduction
Contact processes appear in many fields of industry and everyday life. Hence it is
reasonable to study mathematical models concerning various properties and parame-
ters of physical bodies being in a contact with each others. In particular the thermal
effects play a special role in such models. A physical body may change its proper-
ties and shape when heated. In particular a contact between two physical bodies is
directly related to a heat exchange. Moreover a frictional contact usually leads to
heat generation. There are numerous publications concerning mathematical analy-
sis of contact processes with thermal effect, that essentially deal with existence and
uniqueness of solution for the stated problems. We recommend [1, 2, 3, 4, 16, 21, 29]
as the exemplary references in this field.
Apart from the theoretical aspect of mathematical modelling, the numerical anal-
ysis plays a significant role. Typically it includes approximate schemes based on tem-
poral and spatial discretization, estimate of the error between the approximate and
the exact solution and computer simulations. This kind of approach carried out for
various contact problems of mechanics with or without thermal effect is presented in
[6, 7, 8, 9, 10, 11, 12, 14, 15, 20, 22, 24, 25, 26] for instance.
In this paper we deal with a dynamic contact of a viscoelastic body with a founda-
tion involving thermal effect. The contact is frictional and the friction law is modelled
by a nonmonotone relation between the tangential velocity and the tangential stress.
The nonmonotone character of friction law introduces one of main difficulties to the
model. Despite the above issue, we provide the numerical analysis of the problem
based on the fully discrete scheme. The main result consists in the estimate of the
error between the discrete and the exact solution. We show that the error estimate
is linear with respect to the temporal and the spatial discretization parameters in
the case when the spatial discretization is based on the first order Finite Element
Method. We also carry out the computer simulations that illustrate and validate the
linear rate of convergence with respect to the discretization parameters.
The paper provides the generalization of the result obtained in [12]. In contrast
to the model studied there, we deal with the non-clamped body, which introduces
another difficulty to the problem. Moreover, our result is obtained without additional
smallness assumptions on the data of the problem, which was the case in [12]. It was
possible due to arguments contained in Corrolary 4.
The rest of the paper is organized as follows. In Section 2 we introduce some
preliminary materials to be used in the rest of the paper. In Section 3 we formulate the
mathematical model of the dynamic thermoviscoelastic contact problem and present
its variational formulation. The main results concerning the error estimates for the
fully discrete numerical scheme is presented in Section 4. Finally, in Section 5, we
present numerical results in simulations of a two dimensional contact problem, and
provide numerical evidence of optimal order convergence for the linear elements.
2
2 Preliminaries
In this section we briefly present definitions and notation used in the paper.
In what follows, we denote by 〈·, ·〉X the duality pairing between a Banach space
X and its dual X∗. Throughout the paper, we denote by C a generic constant whose
value may change from line to line. The symbol C(0, T ;X) stands for the space of
continuous functions on [0, T ] with values in X . For any function u : [0, T ] → X we
denote by u˙ and u¨ its first and second time derivative, respectively.
We recall the definitions of the generalized directional derivative and the gener-
alized gradient of Clarke for a locally Lipschitz function ϕ : X → R, where X is a
Banach space (see [18]). The generalized directional derivative of ϕ at the point x ∈ X
in the direction v ∈ X , denoted by ϕ0(x; v), is defined by
ϕ0(x; v) = lim sup
y→x, t↓0
ϕ(y + tv)− ϕ(y)
t
.
The generalized gradient of ϕ at x, denoted by ∂ϕ(x), is a subset of a dual space X∗
given by
∂ϕ(x) = { ζ ∈ X∗ | ϕ0(x; v) ≥ 〈ζ, v〉X∗×X for all v ∈ X }.
Let Rd denote a d - dimensional Euklidean space (d = 2, 3) with the scalar product
and the norm given by
u · v = uivi, ‖v‖Rd = (v · v)
1/2 for all u = (ui), v = (vi) ∈ R
d.
We denote by Sd the space of symmetric, second order tensors on Rd, or equivalently
the space of symmetric d × d-matrices. The scalar product and the norm in Sd are
given by
σ · τ = σijτij , ‖τ‖Sd = (τ · τ)
1/2 for all σ = (σij), τ = (τij) ∈ S
d.
Hereafter all indices i, j, k, l run between 1 and d. Moreover, we apply so called
summation convention over repeated indices, e.g. the notation aijbij means
∑d
i,j=1 aijbij .
Let Ω ⊂ Rd be an open, bounded and connected domain with a Lipschitz bound-
ary Γ = ∂Ω. For any function w : Ω → R we denote by divw its divergence defined
by
divw =
d∑
i=1
∂w
∂xi
.
For any function u : Ω → Rd, such that u = (ui), ui : Ω → R, we use the symbol
ui,j for its partial derivative
∂ui
∂xj
. For functions u : Ω → Rd and σ : Ω → Sd we use
symbols ε(u) and Div σ to denote the deformation operator and divergence operator,
respectively, defined by
ε(u) = (εij(u)), εij(u) =
1
2
(ui,j + uj,i), Div σ = (σij,j).
In the sequel we will use the following spaces of functions defined over Ω.
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H = L2(Ω;Rd) = { u = (ui) | ui ∈ L
2(Ω) }, Q = { σ = (σij) | σij = σji ∈ L
2(Ω) }
The spaces H and Q are the real Hilbert spaces with the inner products given by
〈u, v〉H =
∫
Ω
uivi dx, 〈σ, τ〉Q =
∫
Ω
σijτij dx.
The norms induced by the above scalar products are denoted by ‖ · ‖H and ‖ · ‖Q,
respectively.
Let ν = (νi) denote the outward unit normal vector at the boundary ∂Ω. We
denote by vν and vτ the normal and tangential part of the vector field v : ∂Ω → R
d,
defined by vν = v · ν and vτ = v − vνν, respectively. Similarly, σν and στ stand for
the normal and tangential part of the tensor field σ : ∂Ω → Sd and they are defined
by σν = (σν) · ν and στ = σν − σνν, respectively.
Now we recall two versions of Green formula (cf. [27], (2.6) and (2.7) respectively)
needed to obtain a variational formulation of the problem of contact mechanics.∫
Ω
(u div v +∇u · v)dx =
∫
Γ
u(v · ν) dΓ for all u ∈ W 1,p(Ω), v ∈ W 1,q(Ω;Rd), (1)
where 1 ≤ p <∞, 1
p
+ 1
q
= 1 and
〈σ, ε(v)〉Q + 〈Div σ, v〉H =
∫
Γ
σν · v dΓ for all v ∈ H1(Ω;Rd), σ ∈ C1(Ω; Sd). (2)
We complete this section with the following two lemmas which will be used in
next sections.
Lemma 1 ([19], Lemma 8.4.12) Let X, Y and Z be Banach spaces such that X
is compactly embedded in Y , and Y is continuously embedded in Z. Then, for every
ε > 0, there exists a constant C(ε) > 0 such that
‖x‖Y ≤ ε ‖x‖X + C(ε) ‖x‖Z for all x ∈ X.
Lemma 2 ([23, Chap. 7]) Let T > 0 be given. For a positive integer N we define
k = T/N . Assume that {gn}
N
n=1 and {en}
N
n=1 are two sequences of nonnegative num-
bers satisfying
en ≤ cgn + c
n∑
j=1
kej for n = 1, . . . , N,
with a positive constant c independent of N and k. Then there exists a positive con-
stant cˆ, independent of N and k, such that
max
1≤n≤N
en ≤ cˆ max
1≤n≤N
gn.
4
3 Mechanical problem and variational formulation
In this section we describe the mathematical model of thermoviscoelastic dynamic
contact problem in its classical and variational formulation.
We consider a viscoelastic body, which in reference configuration occupies a bounded
domain Ω ⊂ Rd, d = 2, 3 with a Lipschitz boundary Γ, consisted of two parts ΓN
and ΓC , such that ΓN ∩ ΓC = ∅. The part of boundary ΓC is subject to the contact
with a foundation. We are interested in a mathematical model describing evolution
of displacement, stress and temperature of the body. Let T > 0 be given and let
[0, T ] represent the time interval. In what follows, we denote by x ∈ Ω and t ∈ [0, T ]
the spatial and the temporal variable, respectively. We denote by u = (ui(x, t)), σ =
(σij(x, t)) and θ = θ(x, t) the displacement field, the stress field, and the temperature
filed, respectively which are assumed to satisfy the following constitutive law (for
simplicity, we omit the symbols x and t below)
σ = A(t, ε(u˙)) + Bε(u) + Cθ in Ω× (0, T ). (3)
In (3) A, B and C = (cij) represent the viscosity operator, the elasticity operator and
the heat expansion tensor, respectively. For specific examples of these operators and
tensor we refer to Section 5.
The process is assumed to be dynamic, hence the equation of motion takes the
form
ρu¨ = Div σ + f0 in Ω× (0, T ), (4)
where ρ is the density of the material and f0 stands for density of volume forces. We
assume that the traction force is applied at ΓN , i.e.,
σν = f2 on ΓN × (0, T ). (5)
For simplicity, we assume the bilateral contact condition
uν = 0 on ΓC × (0, T ) (6)
and we assume that the frictional law takes the following multivalued, possibly non
monotone form
− στ ∈ ∂j(u˙τ ) on ΓC × (0, T ), (7)
where j is a locally Lipschitz function, and ∂j stands for its Clarke subdifferential, see
Section 2. In our model we assume a simplified and linearized version of the energy
law, that takes the form
ρcpθ˙ − div(K∇θ) = cij u˙i,j + g on Ω× (0, T ), (8)
where cp is the heat capacity, K is the thermal conductivity operator and g repre-
sents the heat source. We assume the heat transfer between body and foundation is
described by the law
−K∇θ · ν = −r(θ)− h(‖u˙τ‖Rd) on Γ× (0, T ), (9)
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with function h representing the heat generated by velocity, equal to zero on ΓN and
r : R→ R is a Lipschitz function. To simplify the calculations, we assume ρ = cp = 1.
For specific values of these parameters, we refer again to Section 5. To complete the
model, we impose the initial conditions for displacement, velocity and temperature
u(0) = u0, u˙(0) = u1, θ(0) = θ0 in Ω. (10)
Our mechanical problem reads as follows.
Problem PM. Find the displacement u : Ω×[0, T ]→ R
d, the stress σ : Ω×[0, T ]→ Sd
and the temperature θ : Ω× [0, T ]→ R that satisfy conditions (3)-(10).
In the study of Problem PM we need the following assumptions on its data.
H(A) : The viscosity operator A : Ω× [0, T ]× Sd → Sd satisfies
(a) A(·, ·, ε) is continuous on Ω× [0, T ] for all ε ∈ Sd;
(b) (A(x, t, ε1) − A(x, t, ε2)) : (ε1 − ε2) ≥ mA‖ε1 − ε2‖
2
Sd
for all ε1, ε2 ∈ S
d, a.e.
(x, t) ∈ Ω× (0, T ) with mA > 0;
(c) ‖A(x, t, ε1) − A(x, t, ε2)‖Sd ≤ LA‖ε1 − ε2‖Sd for all ε1, ε2 ∈ S
d, a.e.(x, t) ∈
Ω× (0, T ) with LA > 0.
H(B) : The elasticity operator B : Ω×Sd → Sd is bounded, symmetric, positive fourth
order tensor, i.e.
(a) Bijkl ∈ L
∞(Ω), 1 ≤ i, j, k, l ≤ d;
(b) Bσ : τ = σ : Bτ for all σ, τ ∈ Sd, a.e. in Ω;
(c) Bτ : τ ≥ 0 for all τ ∈ Sd, a.e. in Ω.
H(C) : The thermal expansion tensor C = (cij) satisfies
(a) cij ∈ L
∞(Ω), 1 ≤ i, j ≤ d;
(b) cij = cji, 1 ≤ i, j ≤ d.
H(K) : The thermal conductivity operator K : Ω× [0, T ]× Rd → Rd satisfies
(a) K(·, ·, ξ) is continuous on Ω× [0, T ] for all ξ ∈ Rd;
(b) (K(x, t, ξ1)−K(x, t, ξ2)) · (ξ1 − ξ2) ≥ mK ‖ξ1 − ξ2‖
2
Rd
for all ξ1, ξ2 ∈ R
d, a.e.
(x, t) ∈ Ω× (0, T ) with mK > 0;
(c) ‖K(x, t, ξ1) − K(x, t, ξ2)‖Rd ≤ LK‖ξ1 − ξ2‖Rd for all ξ1, ξ2 ∈ R
d, a.e. (x, t) ∈
Ω× (0, T ) with LK > 0.
H(j) : The potential j : ΓC × [0, T ]× R
d → R satisfies
(a) j(·, ·, ξ) is measurable on ΓC × (0, T ) for all ξ ∈ R
d;
(b) j(x, t, ·) is locally Lipschitz on Rd for a.e. (x, t) ∈ ΓC × (0, T );
(c) ‖∂j(x, t, ξ)‖Rd ≤ cj for all ξ ∈ R
d, a.e. (x, t) ∈ ΓC × (0, T ) with cj ≥ 0;
(d) (ζ1 − ζ2) · (ξ1 − ξ2) ≥ −mj‖ξ1 − ξ2‖
2
Rd
for all ζi ∈ ∂j(x, t, ξi), ξi ∈ R
d, i = 1, 2,
a.e. (x, t) ∈ ΓC × (0, T ) with mj ≥ 0;
H(r) : The function r : Γ× R→ R is satisfies
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(a) r(·, ζ) ∈ L2(ΓC)
(b) |r(x, ζ1)− r(x, ζ2)| ≤ Lr |ζ1 − ζ2| for all ζ1, ζ2 ∈ R, a.e. x ∈ Γ with Lr > 0.
H(h) : The function h : ΓC × R+ → R+ satisfies
(a) h(·, ζ) ∈ L2(ΓC) for all ζ ∈ R+.
(b) |h(x, ζ1)− h(x, ζ2)| ≤ Lh |ζ1 − ζ2| for all ζ1, ζ2 ∈ R+, a.e. x ∈ ΓC with Lh > 0.
(c) h = 0 on ΓN .
H(f) : The force and traction densities satisfy
f0 ∈ C(0, T ;L
2(Ω;Rd)), f2 ∈ C(0, T ;L
2(ΓN ;R
d)).
H(g) : The heat source satisfies
g ∈ C(0, T ;L2(Ω)).
In order to provide a variational formulation of the problem, we define spaces
V = H1(Ω), E = {v ∈ H1(Ω;Rd) | vν = 0},
where in V the norm is classical H1 norm, and on E we define inner product
(u, v)E = (u, v)H + (ε(u), ε(v))Q for all u, v ∈ E.
It follows that the norms ‖ · ‖E and ‖ · ‖H1(Ω;Rd) are equivalent. Let δ ∈ (0,
1
2
),
we know the embedding i : V → H1−δ(Ω) is compact, and that the trace opera-
tor γ : H1−δ(Ω) → L2(Γ) is continuous. Hence, we see that γ = γi : V → L2(Γ) is
compact. We omit the notation of the embedding and the trace operator, and write
simply v instead of γv for v ∈ V , since it is clear from the context. We proceed
similarly for space E. We introduce following spaces of vector-valued functions
E = {v ∈ L2(0, T ;E) | v˙ ∈ L2(0, T ;E∗)}, W = {v ∈ L2(0, T ;V ) | v˙ ∈ L2(0, T ;V ∗)},
where v˙ denotes time derivative of v in the sense of distributions.
Next, we define operators A : (0, T ) × E → E∗, B : E → E∗, C1 : V → E
∗,
C2 : (0, T )× V → V
∗, C3 : E → V
∗ by
〈A(t, u), v〉E = (A(t, ε(u)), ε(v))Q for all u, v ∈ E, t ∈ (0, T ),
〈Bu, v〉E = (Bε(u), ε(v))Q for all u, v ∈ E,
〈C1θ, v〉E =
∫
Ω
cijvi,jθ dx for all v ∈ E, θ ∈ V,
〈C2(t, θ), η〉V = 〈K(t,∇θ),∇η〉L2(Ω) for all θ, η ∈ V,
〈C3w, η〉V = −
∫
Ω
cijwi,jη dx for all w ∈ E, η ∈ V.
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We define the functions f : (0, T )→ E∗ and g˜ : (0, T )→ V ∗ by
〈f(t), v〉E∗×E = 〈f0(t), v〉H + 〈f2(t), v〉L2(ΓN ;Rd),
〈g˜(t), η〉V ∗×V = 〈g(t), η〉L2(Ω)
for all v ∈ E, η ∈ V , a.e. t ∈ (0, T ).
We need additional hypothesis on the data.
H0 : u0 ∈ E, u1 ∈ H , θ0 ∈ V .
Now we are in the position to give a weak formulation of Problem PM.
Problem PV . Find a displacement u ∈ L
2(0, T ;E) with u˙ ∈ E, and a temperature
θ ∈ W such that
〈u¨(t) + A(t, u˙(t)) +Bu(t) + C1θ(t)− f(t), v〉E =
∫
ΓC
ξ(t) · vτ dΓ (11)
for all v ∈ E, a.e. t ∈ (0, T ),
〈θ˙(t) + C2(t, θ(t)) + C3u˙(t)− g˜(t), η〉V =
∫
Γ
r(θ)η dΓ (12)
+
∫
ΓC
h(t, ‖u˙τ (t)‖Rd)η dΓ for all η ∈ V, a.e. t ∈ (0, T ),
− ξ ∈ ∂j(u˙τ ), a.e.(x, t) ∈ ΓC × (0, T ), (13)
u(0) = u0, u˙(0) = u1, θ(0) = θ0.
Formally Problem PV can be obtained from equations (4) and (8) by multiplying
them by test functions v ∈ E and η ∈ V , respectively, performing Green formulas (1)
and (2), applying remaining conditions (3)–(10), using definitions of operators above
and taking ξ = στ .
Every solution of Problem PV is called a weak solution of Problem PM.
Remark 3 Existence and uniqueness of a solution to Problem PV follows the line of
[28], after using Corollary 4 below. We are not concerned with this type of result and
proceed straight to numerical analysis.
Corollary 4 We observe, that Lemma 1 holds for spacesX = H1(Ω), Y = H1−δ(Ω),
Z = L2(Ω), for δ ∈ (0, 1/2). Moreover, from the trace theorem we have ‖v‖L2(Γ) ≤
C‖v‖H1−δ(Ω), hence we have
‖v‖L2(Γ) ≤ ε‖v‖V + C(ε)‖v‖L2(Ω) for all v ∈ V.
Similarly, we obtain
‖v‖L2(Γ;Rd) ≤ ε‖v‖E + C(ε)‖v‖L2(Ω;Rd) for all v ∈ E.
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4 Discretization and error estimates
In this section we consider a fully discrete approximation of the Problem PV and
examine error estimates between the approximate solution and the exact one.
Let V h and Eh be finite dimensional subspaces of V and E, respectively, with
h > 0 denoting spatial discretization parameter. Let uh0 , u
h
1 ∈ E
h and θh0 ∈ V
h be
suitable approximations of u0, u1, θ0 characterized by
〈uh0 − u0, v
h〉E = 0, 〈u
h
1 − u1, v
h〉H = 0, 〈θ
h
0 − θ0, η
h〉L2(Ω) = 0 (14)
for all vh ∈ Eh, ηh ∈ V h. It is easy to observe, that since uh0 , u
h
1 and θ
h
0 are projections
‖uh0‖E ≤ ‖u0‖E, ‖u
h
1‖H ≤ ‖u1‖H , ‖θ
h
0‖L2(Ω) ≤ ‖θ0‖L2(Ω).
Additionally, we define a uniform partition of [0, T ] denoted by 0 = t0 < t1 <
. . . < tN = T , where N ∈ N, tj = jk for j = 1, ..., N and k =
T
N
is the time step. For
a continuous function h we use the notation hn = h(tn). For a sequence {zn}
N
n=0 we
denote by δzn = (zn − zn−1)/k for n = 1, . . . , N its backward divided difference.
The fully discrete approximation of Problem PV is the following.
Problem PhkV . Find sequences of velocity {w
hk
n }
N
n=1 ⊂ E
h and temperature {θhkn }
N
n=1 ⊂
V h such that there exists {ξhkn }
N
n=1 ⊂ L
2(ΓC ;R
d) satisfying for n = 1, . . . , N
〈δwhkn + An(w
hk
n ) +Bu
hk
n + C1θ
hk
n − fn, v
h〉E =
∫
ΓC
ξhkn · v
h
τ dΓ (15)
for all vh ∈ Eh,
〈δθhkn + C2n(θ
hk
n ) + C3w
hk
n − gn, η
h〉V =
∫
Γ
r(θhkn ) η
h dΓ +
∫
ΓC
hτn(‖w
hk
n ‖Rd)η
h dΓ (16)
for all ηh ∈ V h,
− ξhkn ∈ ∂j(w
hk
nτ ), (17)
whk0 = u
h
1 , θ
hk
0 = θ
h
0 , (18)
where uhk0 = u
h
0 and {u
hk
n }
N
n=1 ⊂ E
h is given by
uhkn = u
h
0 +
n∑
j=1
kwhkj for n = 1, ..., N. (19)
Now we deal the error analysis for the discrete scheme, Problem PhkV .
Let (u, θ) be a solution of Problem PV and let w = u˙. Moreover, let {u
hk
n }
N
n=1, {w
hk
n }
N
n=1
and {θhkn }
N
n=1 denote the discrete approximation of displacement u, velocity w and
temperature θ, respectively, derived by the numerical scheme, Problem PhkV . We prove
the following estimate.
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Theorem 5 Let the assumptions H(A), H(B), H(C), H(K), H(j), H(r), H(h),
H(f), H(g), and H0 hold. Moreover, we impose the following additional regularity
conditions u ∈ C2(0, T ;H)∩C1(0, T ;E), u˙τ ∈ C(0, T ;L
2(ΓC ;R
d)), θ ∈ C(0, T ;L2(ΓC)).
Then, there exists C > 0 such that for all {vhn}
N
n=1 ⊂ E
h and {ηhn}
N
n=1 ⊂ V
h we have
max
1≤n≤N
{‖wn − w
hk
n ‖
2
H + ‖θn − θ
hk
n ‖
2
L2(Ω)}+ k
N∑
j=1
‖wj − w
hk
j ‖
2
E + k
N∑
j=1
‖θj − θ
hk
j ‖
2
V
≤ C
[
k
N∑
j=1
(‖w˙j − δwj‖
2
H + ‖wj − v
h
j ‖
2
E) + max
1≤n≤N
‖wnτ − v
h
nτ‖L2(ΓC ;Rd)
+
1
k
N−1∑
j=1
‖(wj − v
h
j )− (wj+1 − v
h
j+1)‖
2
H + max
1≤n≤N
‖wn − v
h
n‖
2
H
+ ‖u0 − u
h
0‖
2
E + ‖w0 − u
h
1‖
2
H + ‖θ0 − θ
h
0‖
2
L2(Ω) + k
2‖u‖H2(0,T ;E)
+ k
N∑
j=1
(‖θ˙j − δθj‖L2(Ω) + ‖θj − η
h
j ‖
2
V ) + max
1≤n≤N
‖θn − η
h
n‖L2(ΓC )
+
1
k
N−1∑
j=1
‖(θj − η
h
j )− (θj+1 − η
h
j+1)‖
2
L2(Ω) + max
1≤n≤N
‖θn − η
h
n‖
2
L2(Ω)
]
. (20)
Proof. Take respectively vh and ηh as test functions in both Problem PV and
Problem PhkV and subtract relevant equations to obtain for n = 1, . . . , N.
〈w˙n − δw
hk
n , v
h〉H + 〈An(wn)− An(w
hk
n ), v
h〉E + 〈B(un − u
hk
n ), v
h〉E
+ 〈C1(θn − θ
hk
n ), v
h〉E +
∫
ΓC
(ξhkn − ξn) · v
h
τ dΓ
+ 〈θ˙n − δθ
hk
n , η
h〉L2(Ω) + 〈C2nθn − C2nθ
hk
n , η
h〉V + 〈C3(wn − w
hk
n ), η
h〉V
+
∫
Γ
(r(θhkn )− r(θn)) η
h dΓ +
∫
ΓC
(
hn(‖w
hk
nτ‖Rd)− hn(‖wnτ‖Rd)
)
ηh dΓ = 0. (21)
Let {vhn}
N
n=1 ⊂ E and {η
h
n}
N
n=1 ⊂ V be arbitrary. Taking first v
h = wn − w
hk
n ,
nh = θn − θ
hk
n and then v
h = wn − v
h
n, η
h = θn − η
h
n in (21), we find
〈w˙n − δw
hk
n , wn − w
hk
n 〉H + 〈An(wn)−An(w
hk
n ), wn − w
hk
n 〉E
+ 〈B(un − u
hk
n ), wn − w
hk
n 〉E + 〈C1(θn − θ
hk
n ), wn − w
hk
n 〉E + 〈θ˙n − δθ
hk
n , θn − θ
hk
n 〉V
+ 〈C2nθn − C2nθ
hk
n , θn − θ
hk
n 〉V + 〈C3(wn − w
hk
n ), θn − θ
hk
n 〉V
+
∫
ΓC
(ξhkn − ξn) · (wnτ − w
hk
nτ ) dΓ +
∫
ΓC
(r(θhkn )− r(θn)) (θn − θ
hk
n ) dΓ
+
∫
ΓC
(
hn(‖w
hk
nτ‖Rd)− hn(‖wnτ‖Rd)
)
(θn − θ
hk
n ) dΓ
10
= 〈w˙n − δw
hk
n , wn − v
h
n〉H + 〈An(wn)−An(w
hk
n ), wn − v
h
n〉E
+ 〈B(un − u
hk
n ), wn − v
h
n〉E + 〈C1(θn − θ
hk
n ), wn − v
h
n〉E + 〈θ˙n − δθ
hk
n , θn − η
h
n〉V
+ 〈C2nθn − C2nθ
hk
n , θn − η
h
n〉V + 〈C3(wn − w
hk
n ), θn − η
h
n〉V
+
∫
ΓC
(ξhkn − ξn) · (wnτ − v
h
nτ ) dΓ +
∫
Γ
(r(θhkn )− r(θn)) (θn − η
h
n) dΓ
+
∫
ΓC
(
hn(‖w
hk
nτ‖Rd)− hn(‖wnτ‖Rd)
)
(θn − η
h
n) dΓ.
Using the fact that 〈C1η, w〉E + 〈C3w, η〉V = 0 for all w ∈ E, η ∈ V , we get
〈δwn − δw
hk
n , wn − w
hk
n 〉H + 〈An(wn)− An(w
hk
n ), wn − w
hk
n 〉E
+ 〈δθn − δθ
hk
n , θn − θ
hk
n 〉L2(Ω) + 〈C2nθn − C2nθ
hk
n , θn − θ
hk
n 〉V
+
∫
ΓC
(ξhkn − ξn) · (wnτ − w
hk
nτ) dΓ +
∫
Γ
(r(θhkn − r(θn))(θn − θ
hk
n ) dΓ
+
∫
ΓC
(
hn(‖w
hk
n ‖Rd)− hn(‖wn‖Rd)
)
(θn − θ
hk
n ) dΓ
= 〈δwn − δw
hk
n , wn − v
h
n〉H + 〈w˙n − δwn, (wn − v
h
n) + (w
hk
n − wn)〉H
+ 〈An(wn)−An(w
hk
n ), wn − v
h
n〉E + 〈B(un − u
hk
n ), (wn − v
h
n) + (w
hk
n − wn)〉E
+ 〈C1(θn − θ
hk
n ), wn − v
h
n〉E + 〈δθn − δθ
hk
n , θn − η
h
n〉L2(Ω)
+ 〈θ˙n − δθn, (θn − η
h
n) + (θ
hk
n − θn)〉L2(Ω) + 〈C2nθn − C2nθ
hk
n , θn − η
h
n〉V
+ 〈C3(wn − w
hk
n ), θn − η
h
n〉V +
∫
ΓC
(ξhkn − ξn) · (wnτ − v
h
nτ ) dΓ
+
∫
Γ
(r(θhkn )− r(θn))(θn − η
h
n) dΓ
+
∫
ΓC
(
hn(‖w
hk
nτ‖Rd)− hn(‖wnτ‖Rd)
)
(θn − η
h
n) dΓ. (22)
Using the formula 2 〈a− b, a〉H = ‖a− b‖
2
H + ‖a‖
2
H − ‖b‖
2
H for a, b ∈ H , we get
〈δwn − δw
hk
n , wn − w
hk
n 〉H ≥
1
2k
(‖wn − w
hk
n ‖
2
H − ‖wn−1 − w
hk
n−1‖
2
H), (23)
〈δθn − δθ
hk
n , θn − θ
hk
n 〉L2(Ω) ≥
1
2k
(‖θn − θ
hk
n ‖
2
|L2(Ω) − ‖θn−1 − θ
hk
n−1‖
2
L2(Ω)). (24)
Using H(A)(b) and H(j)(d) with Corollary 4 we get
〈An(wn)− An(w
hk
n ), wn − w
hk
n 〉E +
∫
ΓC
(ξhkn − ξn) · (wn − w
hk
n ) dΓ
11
≥ mA‖wn − w
hk
n ‖
2
E −mA‖wn − w
hk
n ‖
2
H −mj‖wn − w
hk
n ‖
2
L2(ΓC ;Rd)
≥ (mA − ε)‖wn − w
hk
n ‖
2
E − (mA + C(ε))‖wn − w
hk
n ‖
2
H . (25)
Similarly,
〈C2nθn − C2nθ
hk
n , θn − θ
hk
n 〉V +
∫
Γ
(r(θhkn )− r(θn))(θn − θ
hk
n ) dΓ
+
∫
ΓC
(hn(‖w
hk
n ‖Rd)− hn(‖wn‖Rd))(θn − θ
hk
n ) dΓ
≥ mK‖θn − θ
hk
n ‖
2
V −mK‖θn − θ
hk
n ‖
2
L2(Ω)
− (Lr +
1
2
)‖θn − θ
hk
n ‖
2
L2(Γ) −
L2h
2
‖wn − w
hk
n ‖
2
L2(ΓC )
≥ (mK − ε)‖θn − θ
hk
n ‖
2
V − (mK + C(ε))‖θn − θ
hk
n ‖
2
L2(Ω)
− ε‖wn − w
hk
n ‖
2
E − C(ε)‖wn − w
hk
n ‖
2
H . (26)
Next, from the Lipschitz continuity of A and K, we have
〈An(wn)−An(w
hk
n ), wn − v
h
n〉E ≤ ε‖wn − w
hk
n ‖
2
E + C(ε)‖wn − v
h
n‖
2
E, (27)
〈C2nθn − C2nθ
hk
n , θn − η
h
n〉V ≤ ε‖θn − θ
hk
n ‖
2
V + C(ε)‖θn − η
h
n‖
2
V . (28)
From linearity of B, C1 and C3, we obtain
〈B(un − u
hk
n ), (wn − v
h
n) + (w
hk
n − wn)〉E ≤ ε‖wn − w
hk
n ‖
2
E
+ C(ε)‖un − u
hk
n ‖
2
E + C‖wn − v
h
n‖
2
E, (29)
〈C1(θn − θ
hk
n ), wn − v
h
n〉E ≤ ε‖θn − θ
hk
n ‖
2
V + C(ε)‖wn − v
h
n‖
2
E , (30)
〈C3(wn − w
hk
n ), θn − η
h
n〉V ≤ ε‖wn − w
hk
n ‖
2
E + C(ε)‖θn − η
h
n‖
2
V . (31)
By H(j)(c), H(j)(d), H(h)(b), and continuity of the trace operator γ : V → L2(Γ) we
get ∫
ΓC
(ξhkn − ξn) · (wnτ − v
h
nτ ) dΓ ≤ 2cj
√
meas(ΓC)‖wnτ − v
h
nτ‖L2(ΓC ;Rd), (32)
∫
Γ
(r(θhkn )− (r(θn))(θn − η
h
n) dΓ ≤ Lr‖θ
hk
n − θn‖L2(Γ)‖θn − η
h
n‖L2(ΓC)
≤ ε‖θhkn − θn‖
2
V + C(ε)‖θn − η
h
n‖
2
V , (33)∫
ΓC
(
hn(‖w
hk
nτ‖Rd)− hn(‖wnτ‖Rd)
)
(θn − η
h
n) dΓ
≤ ε‖whkn − wn‖
2
E + C(ε)‖θn − η
h
n‖
2
V . (34)
12
The symbol meas(ΓC) in (32) stands for the surface Lebesgue measure of ΓC . Finally,
we estimate
〈w˙n − δwn, (wn − v
h
n) + (w
hk
n − wn)〉H
≤ ‖w˙n − δwn‖
2
H +
1
2
‖wn − v
h
n‖
2
E +
1
2
‖whkn − wn‖
2
H , (35)
〈θ˙n − δθn, (θn − η
h
n) + (θ
hk
n − θn)〉L2(Ω)
≤ ‖θ˙n − δθn‖
2
L2(Ω) +
1
2
‖θn − η
h
n‖
2
V +
1
2
‖θhkn − θn‖
2
L2(Ω). (36)
Applying (23)-(36) in (22), we deduce
1
2k
(‖wn − w
hk
n ‖
2
H − ‖wn−1 − w
hk
n−1‖
2
H) + (mA − 6ε) ‖wn − w
hk
n ‖
2
E
+
1
2k
(‖θn − θ
hk
n ‖
2
L2(Ω) − ‖θn−1 − θ
hk
n−1‖
2
L2(Ω)) + (mK − 4ε) ‖θn − θ
hk
n ‖
2
V
≤ C
(
‖w˙n − δwn‖
2
H + ‖wn − v
h
n‖
2
E + ‖un − u
hk
n ‖
2
E + ‖θ˙n − δθn‖
2
L2(Ω)
+‖θn − η
h
n‖
2
V + ‖wnτ − v
h
nτ‖L2(ΓC ;Rd) + ‖θn − η
h
n‖
2
L2(ΓC )
+ ‖wn − w
hk
n ‖
2
H
+‖θn − θ
hk
n ‖
2
L2(Ω)
)
+ 〈δwn − δw
hk
n , wn − v
h
n〉H + 〈δθn − δθ
hk
n , θn − η
h
n〉L2(Ω).
Replacing n by j in the above relation, and summing up from 1 to n, we obtain
‖wn − w
hk
n ‖
2
H + 2k(mA − 6ε)
n∑
j=1
‖wj − w
hk
j ‖
2
E + ‖θn − θ
hk
n ‖
2
L2(Ω)
+ 2k(mK − 4ε)
n∑
j=1
‖θj − θ
hk
j ‖
2
V ≤ ‖w0 − w
hk
0 ‖
2
E + ‖θ0 − θ
hk
0 ‖
2
V
+ Ck
n∑
j=1
(
‖w˙j − δwj‖
2
H + ‖wj − v
h
j ‖
2
E + ‖uj − u
hk
j ‖
2
E + ‖θ˙j − δθj‖
2
L2(Ω)
)
+ Ck
n∑
j=1
(
‖θj − η
h
j ‖
2
V + ‖wjτ − v
h
jτ‖L2(ΓC ;Rd) + ‖θj − η
h
j ‖
2
L2(ΓC)
+ ‖wn − w
hk
n ‖
2
H
+‖θn − θ
hk
n ‖
2
L2(Ω)
)
+ 2k
n∑
j=1
〈δwj − δw
hk
j , wj − v
h
j 〉H + 2k
n∑
j=1
〈δθj − δθ
hk
j , θj − η
h
j 〉L2(Ω)
for all {vhj }
n
j=1 ⊂ E
h and {ηhj }
n
j=1 ⊂ V
h. We have
n∑
j=1
k〈δwj − δw
hk
j , wj − v
h
j 〉H ≤ ε‖wn − w
hk
n ‖
2
H + C‖wn − v
h
n‖
2
H + C‖w0 − w
hk
0 ‖
2
H
13
+ C‖w1 − v
h
1‖
2
H +
n−1∑
j=1
k
4
‖wj − w
hk
j ‖
2
H +
1
k
n−1∑
j=1
‖(wj − v
h
j )− (wj+1 − v
h
j+1)‖
2
H
and
n∑
j=1
k〈δθj − δθ
hk
j , θj − η
h
j 〉L2(Ω) ≤ ε‖θn − θ
hk
n ‖
2
L2(Ω) + C‖θn − η
h
n‖
2
L2(Ω)
+ C‖θ0 − θ
hk
0 ‖
2
L2(Ω) + C‖θ1 − η
h
1‖
2
L2(Ω) +
n−1∑
j=1
k
4
‖θj − θ
hk
j ‖
2
L2(Ω)
+
1
k
n−1∑
j=1
‖(θj − η
h
j )− (θj+1 − η
h
j+1)‖
2
L2(Ω).
Next we estimate
‖uj − u
hk
j ‖E ≤ ‖u0 − u
h
0‖E +
j∑
l=1
k‖wl − w
hk
l ‖E + Ij ,
where Ij is the integration error
Ij =
∥∥∥∥∥
∫ tj
0
w(s) ds−
j∑
l=1
kwl
∥∥∥∥∥
E
.
We know that Ij ≤ k‖u‖H2(0,T ;E). Hence, we get
‖uj − u
hk
j ‖
2
E ≤ C
(
‖u0 − u
hk
0 ‖
2
E + j
j∑
l=1
k2‖wl − w
hk
l ‖
2
E + k
2‖u‖2H2(0,T ;E)
)
and using the fact that Nk = T , we have the estimate
n∑
j=1
k‖uj − u
hk
j ‖
2
E ≤ CT
(
‖u0 − u
h
0‖
2
E + k
2‖u‖2H2(0,T ;E)
)
+ T
n∑
j=1
k
j∑
l=1
k‖wl − w
hk
l ‖
2
E. (37)
We denote
en = ‖wn − w
hk
n ‖
2
H +
n∑
j=1
k‖wj − w
hk
j ‖
2
E + ‖θn − θ
hk
n ‖
2
L2(Ω) +
n∑
j=1
k‖θj − θ
hk
j ‖
2
V ,
and
gn = k
n∑
j=1
(
‖w˙j − δwj‖
2
H + ‖wj − v
h
j ‖
2
E + ‖θ˙j − δθj‖
2
L2(Ω) + ‖θj − η
h
j ‖
2
V
)
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+
1
k
n−1∑
j=1
(
‖wj − v
h
j − (wj+1 − v
h
j+1)‖
2
H + ‖θj − η
h
j − (θj+1 − η
h
j+1)‖
2
L2(Ω)
)
+ k
n∑
j=1
(
‖wjτ − v
h
jτ‖L2(ΓC ;Rd) + ‖θj − η
h
j ‖L2(ΓC)
)
+ k2‖u‖2H2(0,T ;E) + ‖w0 − w
hk
0 ‖
2
E
+ ‖w0 − w
hk
0 ‖
2
H + ‖u0 − u
h
0‖
2
E + ‖θ0 − θ
hk
0 ‖
2
L2(Ω) + ‖θ0 − θ
hk
0 ‖
2
V
+ ‖θ1 − η
h
1‖
2
L2(Ω) + ‖w1 − v
h
1‖
2
H + ‖wn − v
h
n‖
2
H + ‖θn − η
h
n‖
2
L2(Ω).
Then, we find that
en ≤ Cgn + C
n∑
j=1
kej for n = 1, . . . , N (38)
with C > 0. Using Lemma 2, we obtain the thesis. 
Now we consider a special situation in which the spaces V h and Eh are based on
piecewise affine finite element approximation. Assume that Ω is a polygonal domain
in R2 or a polyhedral domain in R3. Then each of parts of the boundary ΓN and ΓC
is a sum of segments (in the case Ω ⊂ R2) or polygons (if Ω ⊂ R3), having mutually
disjoint interiors i.e.
Γj =
Nj⋃
i=1
Γj,i, j ∈ {N,C}.
Let {T h} be a family of regular triangulations of the set Ω of diameter h (cf. [17],
Chapter 3, § 3.1) which introduces a division of Ω into triangles/tetrahedrons com-
patible with the division of the boundary ∂Ω into parts Γj,i, 1 ≤ i ≤ Nj , j ∈ {N,C},
in that sense that if any edge of a triangle/any face of tetrahedron that belongs to
T h has an intersection of positive boundary measure with any of sets Γj,i, then the
whole edge/face is contained in Γj,i. For an element T ∈ T
h let P1(T ) denote the
space of first order polynomials on T . Then V h and Eh are defined as the spaces of
continuous, piecewise affine functions on elements T ∈ T h, i.e.
V h = {vh ∈ C(Ω) | vh|T ∈ [P1(T )] for all T ∈ T
h} ∩V. (39)
Eh = {vh ∈ C(Ω;Rd) | vh|T ∈ [P1(T )]
d for all T ∈ T h} ∩ E. (40)
Corollary 6 Assume the hypotheses of Theorem 5. Let (u, θ) be solution to Problem
PV and the corresponding function w be defined as w = u˙. Let {w
hk
n }
N
n=0, {θ
hk
n }
N
n=0 be
solution to Problem PhkV , and the corresponding sequence {u
hk
n }
N
n=1 be defined by (19).
Assume u0 ∈ H
2(Ω;Rd), u1 ∈ H
1(Ω;Rd), θ0 ∈ H
1(Ω) and let uh0 , u
h
1 , θ
h
0 be defined by
(14). Let us impose additional regularity conditions
u ∈ C1(0, T ;H2(Ω;Rd)) ∩H3(0, T ;H) ∩H2(0, T ;E), u˙τ ∈ C(0, T ;H
2(ΓC ;R
d)),
θ ∈ C(0, T ;H2(Ω)) ∩H2(0, T ;L2(Ω)) ∩H1(0, T ;V ), θ ∈ C(0, T ;H2(ΓC)).
Then for h < 1, we have the optimal order error estimate
max
1≤n≤N
{‖un − u
hk
n ‖E + ‖wn − w
hk
n ‖H + ‖θn − θ
hk
n ‖L2(Ω)}
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+ k
N∑
j=1
‖wj − w
hk
j ‖
2
E + k
N∑
j=1
‖θj − θ
hk
j ‖
2
V ≤ C(h+ k). (41)
Proof. In order to prove (41), we will use Theorem 5. To this end, we will estimate
each of terms of the right hand side of (20). We start with initial conditions. By the
standard finite element interpolation error estimates ([5, 13, 17]) we have
‖u0 − u
h
0‖E ≤ ch ‖u0‖H2(Ω;Rd),
‖u1 − u
h
1‖H ≤ ch ‖u1‖H1(Ω;Rd),
‖θ0 − θ
h
0‖V ≤ ch‖θ0‖H2(Ω).
Note that under the stated regularity assumptions, for a.e. t ∈ [0, T ], u(t), u˙(t) are
continuous on Ω, and u˙τ (t) is continuous on ΓC . Let v
h(t) = Πhu˙(t) ∈ Eh be the
finite element interpolant of u˙(t), for t ∈ (0, T ] (see [17], (2.3.29)). Note that vhτ (t) =
(Πhu˙(t))τ is the continuous piecewise linear interpolant of u˙τ (t) on ΓC . Similarly, for
a.e. t ∈ [0, T ], θ(t) is continuous on Ω. Let ηh(t) = Πhθ(t) ∈ V h be the finite element
interpolant of θ(t), a.e. t ∈ [0, T ]. Then we have
‖u˙(t)− vh(t)‖E ≤ ch‖u˙(t)‖H2(Ω;Rd),
‖u˙(t)− vh(t)‖H ≤ ch
2‖u˙(t)‖H2(Ω;Rd),
‖u˙τ (t)− v
h
τ (t)‖L2(ΓC ;Rd) ≤ ch
2‖u˙τ(t)‖H2(ΓC ;Rd),
‖θ(t)− ηh(t)‖V ≤ ch‖θ(t)‖H2(Ω),
‖θ(t)− ηh(t)‖L2(Ω) ≤ ch
2‖θ(t)‖H2(Ω),
‖θ(t)− ηh(t)‖L2(ΓC) ≤ ch
2‖θ(t)‖H2(ΓC)
Then we get the following estimates
k
N∑
j=1
‖wj − v
h
j ‖
2
E ≤ ch
2‖u˙‖2C(0,T ;H2(Ω;Rd)),
max
1≤n≤N
‖wnτ − v
h
nτ‖L2(ΓC ;Rd) ≤ ch
2‖u˙τ‖C(0,T ;H2(ΓC ;Rd)),
max
1≤n≤N
‖wn − v
h
n‖
2
H ≤ ch
4‖u˙‖2C(0,T ;H2(Ω;Rd)),
k
N∑
j=1
‖θj − η
h
j ‖
2
V ≤ ch
2‖θ‖2C(0,T ;H2(Ω)),
max
1≤n≤N
‖θn − η
h
n‖L2(ΓC) ≤ ch
2‖θ‖C(0,T ;H2(ΓC )),
max
1≤n≤N
‖θn − η
h
n‖
2
L2(Ω) ≤ ch
4‖θ‖2C(0,T ;H2(Ω)).
Moreover, similarly as in [22], we get
k
N∑
j=1
‖w˙j − δwj‖
2
H ≤ ck
2‖u‖2H3(0,T ;H),
16
k
N∑
j=1
‖θ˙j − δθj‖
2
L2(Ω) ≤ ck
2‖θ‖2H2(0,T ;L2(Ω)),
1
k
N−1∑
j=1
‖(wj − v
h
j )− (wj+1 − v
h
j+1)‖
2
H ≤ ch
2‖u‖2H2(0,T ;E),
1
k
N−1∑
j=1
‖(θj − η
h
j )− (θj+1 − η
h
j+1)‖
2
L2(Ω) ≤ ch
2‖θ‖2H1(0,T ;V ).
Then the error bound follows from (20) combined with (37). 
5 Numerical simulations
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